We present a set of generators for the symplectic group which is different from the well-known set of transvections, from which the chain equivalence for quadratic forms in characteristic 2 is an immediate result. Based on the chain equivalences for quadratic forms, both in characteristic 2 and not 2, we provide chain equivalences for tensor products of quaternion algebras over fields with no nontrivial 3-fold Pfister forms. The chain equivalence for biquaternion algebras in characteristic 2 is also obtained in this process, without any assumption on the base-field.
Introduction
A chain equivalence is a theorem that provides basic steps with which one can obtain from one presentation of an object all the other presentations. A theorem of this kind is a useful tool for deciding whether two given objects are isomorphic or not. If one wants for example to define an invariant of a certain object, then in order to prove that it is independent of the choice of presentation, one just has to show that it is invariant under the basic steps the chain equivalence provides.
There is Witt's well-known chain equivalence for nondegenerate symmetric bilinear forms, which in turn provides a chain equivalence for quadratic forms over fields of characteristic not 2. (See [EKM08] for further details.) In [Rev77] , Revoy provided a chain equivalence for quadratic forms in characteristic 2.
In [Alb61] (for characteristic 2) and [Mer81] (otherwise) it was proven that every central simple algebra of exponent 2 is Brauer equivalent to some tensor product of quaternion algebras, which added to the significance of these objects.
The chain equivalence for one quaternion algebra has been known for quite a long time. Lately, two papers have been written on the chain equivalence for biquaternion algebras over fields of characteristic not 2, [Siv12] and [CV13] .
The symplectic group, denoted by Sp 2n (F) , is the group of automorphisms of a symplectic vector space preserving the symplectic form. It is known to be generated by transvections, i.e. the automorphisms fixing hyperplanes. (See [Die55] for further details.)
Preliminaries
Let F be a field. We use the following expressions to describe quadratic forms:
• The expression a 1 , . . . , a t denotes the diagonal quadratic form q(u 1 , . . . ,
• In case of characteristic 2, [a, b] denotes the quadratic form q(u 1 , u 2 ) = au
• The tensor product a 1 , . . . , a t ⊗ q denotes a 1 q ⊥ · · · ⊥ a t q.
There is a unique 2-dimensional nondegenerate isotropic quadratic form up to isometry, known as the hyperbolic plane and usually denoted by . In characteristic not 2, = 1, −1 , and in characteristic 2, = [0, 1]. We write n for the direct sum of n copies of . Two nondegenerate quadratic forms q 1 and q 2 are said to be Witt equivalent if q 1 ≃ q 2 ⊥ n or q 2 ≃ q 1 ⊥ n for some n. In particular, if the forms are of the same dimension then they are Witt equivalent if and only if they are isometric. The group I q F = I 1 q F is the additive group of Witt equivalence classes of even-dimensional nondegenerate quadratic forms over F with ⊥ as the group operation. The subgroup I n q F is defined recursively to be the subgroup generated by the forms 1, −a ⊗ q where a ∈ F × and q ∈ I n−1 q F. Following the traditional abuse of notation, we say that a quadratic form q belongs to I n q if its Witt equivalence class belongs to that group.
If char (F) 2 then every quadratic form q ∈ I q F is isometric to some diagonal form a 1 , . . . , a 2n where a i 0 for all i ∈ {1, . . . , 2n}. The discriminant of q is the class of (−1)
The discriminant is 1 if and only if q ∈ I 2 q F. Every quaternion algebra in this case is isomorphic to (a, b) = F[x, y : 
Symplectic Bases
Let V be a 2n-dimensional symplectic vector space over a field F of arbitrary characteristic for some n ∈ N, and let B be the symplectic (i.e. nondegenerate alternating bilinear) form on V. A symplectic basis of (V, B) is an ordered set (x 1 , y 1 |x 2 , y 2 | . . . |x n , y n ) of n mutually orthogonal symplectic pairs of vectors in V.
Let S be the set of automorphisms in Sp 2n (F) acting on the symplectic basis (x 1 , y 1 | . . . |x n , y n ) as either
for some k ∈ {1, . . . , n − 1}, or one of the following:
for some k ∈ {1, . . . , n} and β ∈ F × . We write C ≈ C ′ for any two symplectic bases satisfying s(C) = C ′ for some s ∈ S . Let ∼ be the equivalence relation induced by ≈.
We are going to prove that C ∼ C ′ for any two symplectic bases of (V, B), which is equivalent to proving that S generates Sp n (F). 
Proof. It suffices to consider swapping two consecutive pairs.
Lemma 3.4. For any symplectic basis C and 0 w ∈ V, w can be completed to a symplectic basis C
Proof. The case n = 1 is clear. Let
By permuting and applying the case n = 1 to the H i -s, we may without loss of generality assume w = x 1 +· · ·+x m with 1 ≤ m ≤ n. We now use induction on m. Proof. We use induction on n, the case n = 1 being Remark 3.1. From Lemma 3.4, we are reduced to showing that if C = (x 1 , y 1 |x 2 , y 2 | . . . ) and
As in that lemma, we may reduce to the case where v 1 = r + s with r ∈ H 1 and s ∈ H 2 . If s = 0 we are done (case n = 1), so we may assume s = u 2 (by applying the case n = 1 on H 2 ), and clearly r 0. But then B(x 1 , v 1 ) = B(x 1 , r) = 1, so (x 1 , r) is a symplectic basis for H 1 , and therefore ( 
for some k ∈ {1, . . . , n − 1}, or one of the following types:
for some k ∈ {1, . . . , n} and β ∈ F × . 
′ n ] be a chain as described in Theorem 3.6. Assume that the second coefficient in the first summand in each of the forms q k , q k+1 , . . . , q l is zero for some 1 ≤ k ≤ l ≤ m − 1. Assume that this interval is maximal, i.e. that the second coefficients in the first summands of q k−1 and q l+1 are nonzero. The step q k−1 → q k is clearly of Type D, which means that the first summand in q k−1 is hyperbolic and equal to [a, β 2 a + β] for some a, β ∈ F × . Similarly, the first summand in q l+1 is hyperbolic and equal
In this interval, every step that involves the first summand changes only the first summand. [It is enough to observe that it holds for a step of Type A, because the other types involve only one summand to begin with.] Therefore the steps in the interval are divided into two setsthose that change only the first summand and those that do not change the first summand at all. The steps that change only the first summand eventually change [a,
, and therefore they can be replaced by the following sequence of steps (of Types C, D and C respectively) [a,
We leave the other steps as they are. By repeating this process for any such interval, we obtain a chain where the second entry in the first coefficient in each of the forms is nonzero. We can then proceed to the second summand, and the desired chain is obtained inductively.
Tensor Products of Quaternion Algebras in Characteristic 2
Let F be a field of characteristic 2.
Theorem 4.1. If I 3 q F = 0 or n = 2 then every two isomorphic tensor products of n quaternion algebras are connected by a finite number of steps, where each step is either
for some k ∈ {1, . . . , n − 1} and β ∈ F, or one of the following types:
for some k ∈ {1, . . . , n} and α, β ∈ F.
Proof. Let A be the tensor product under discussion. Let Y be the set of all tensor products of quaternion algebras isomorphic to A, and X be the set of all standard quadratic forms q ∈ I 2 q F with nonzero second coefficients in all the summands such that C(q) M 2 (A). We define a map A : X → Y by
The map A is surjective because for each [c 1 ,
are isometric. If n = 2 then they are similar (see [Jac83] and [MS89] ). In this case [a
by several steps of Type 4, we can assume without loss of generality that [a 1 ,
] are isometric. Therefore they are connected by the chain described in Theorem 3.6 and Remark 3.7. It is enough to consider the case where they are connected by exactly one step, and the general case is obtained by induction.
Assume
′ n ) are connected by a step of Type 1. If k = n then they are connected by a step of Type 3.
′ n ) can disagree only in the kth factor. In this case it reduces to the known chain equivalence for quaternion algebras, and so they are connected by steps of Types 3 and 4. If k = n + 1 then they are connected by several steps of Type 4.
and we get d
′ n ) are connected by a step of Type 2.
Tensor Products of Quaternion Algebras in Characteristic not 2
The following theorem recalls Witt's well-known chain equivalence for quadratic forms (see [EKM08] for reference): 
for some k ∈ {1, . . . , n − 1} and β ∈ F × , or
for some k ∈ {1, . . . , n} and β ∈ F × .
Let F be a field of characteristic not 2. 
Proof. Let A be the tensor product of quaternion algebras under discussion. Let Y be the set of all tensor products of quaternion algebras isomorphic to A. Let X be the set of all diagonal nondegenerate quadratic forms
We define a map A : X → Y by
The map A is surjective because for every presentation (c 1 ,
are isometric. Therefore they are connected by the chain described in Theorem 5.1. It is enough to consider the case where they are connected by exactly one step, and the general case is obtained by induction.
If a 1 , b 1 , . . . , a n+1 , b n+1 and a 
